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r~ ! ■ Abstract 

The complete set of formulas describing the new quantum defor- 
mation of the OSP(l;2) supergroup is provided. A general ansatz is 
' solved for the deformation of the Borel subalgebra of its dual quantum 

O ■ deformation of osp(l;2). 
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1 Introduction 



In the recent paper |]J all the Lie superbialgebra structures for the Lie super- 
algebra osp(l; 2) were classified. All of them turned out to be coboundaries. 
The complete list of inequivalent classical r matrices consists of three en- 
tries, one being a one-parameter family. A natural question is what are 
corresponding quantum deformations of both the universal enveloping su- 
peralgebra U(osp(l; 2)) and of the supergroup OSp(l; 2). In the cases of 
Lie superbialgebra structures T\ and r 3 everything is known J3J, H, [[J. r 2 
has been studied in the recent paper of Kulish The idea was to find 

a twist element giving rise to triangular Hopf algebra. Unfortunately even 
if some information about the twist was deduced, its final form remains yet 
unknown. Therefore the problem of finding the deformation of U(osp(l; 2)) 
in the direction of r 2 remains open. What one can do is to provide a complete 
set of formulas defining the dual quantum supergroup OSP p (l;2). Because 
of relevance of OSP(l; 2) supergroup @ it is of potential physical interest. 

The paper is organized as follows. In Sec. II basic definitions and nota- 
tions are introduced (pi is followed closely). Sec. Ill contains very few details 
about the computation techniques used as they are standard f2j. Then all 
the relations defining the quantum supergroup OSP p (l; 2) are presented. In 
Sec. IV some problems related with obtaining formulas defining quantum 
deformation of U p (osp(l; 2)) are discussed. 

2 Basic definitions and notation 

The Lie superalgebra osp(l,2) is spanned by the set of generators {H, X + , 
X_, V + , VJ\ of grading grad(H) = grad(X±) = and grad(V±) = 1 which 
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fulfill the following (anti)-commutation relations 



[H,X±] 


= ±x ± , 


W, V ± ] 


= ±\v ± 


[x+,x_] 


= 2H, 


[x ± ,v ± ] 


= o, 


{V+,V-} 


= -\H , 


[x±,v T ] 


= v ± , 


{V±,V ± } 


= ±\x ± . 







(1) 



For the supergroup OSp(l\2) we will use the parameterization by means of 
3x3 supermatrices @] 

fa a b\ 

T= 7 e P (2) 
\c 5 d) 

subject to constraints: e = 1+aS, 7 = ca — aS, [3 = da—b5, ad—bc+aS = 1. 
The variables denoted by Greek letters are of Grassmanian type. Coproducts 
follow from matrix multiplication of the elements of G. 

While the general expression for the antisymmetric r-matrix takes one of 
the two forms: 

rj = x 2 H A X + + xyX + AI_ + y 2 H A X_ . (3) 

r n = x(HAX + -V + AV + )+y(X + AX„+2V+AV-)+z(HAX_-V-AV-) (4) 

(x, y, z - being arbitrary complex numbers), only three nonequivalent r- 
matrices can be singled out: 



r 1 = HAX + , 



(5) 



r 2 = H A X + - V + A V + , (6) 

r 3 = t(H A X + - V + A V + + H A X_ - VI A VI) . (7) 

The parameter t in r 3 becomes irrelevant upon quantization as it can be 
absorbed into a deformation parameter; it cannot however be removed by a 
change of the basis in the Lie super-bialgebra. 
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By applying the automorphism (change of basis) r 3 can be rewritten in 
the equivalent form as 

r 3 = t(X+ A X_ + 2V + A VJ) . (8) 

In order to express it in the way in which it is present in |4j] it is necessary 
to add the symmetric ad-invariant combination 

t(2H ®H + X + ®X_+X_®X + + 2(V + <g> V_ - V_ <g> 1/+)). (9) 

The classical r-matrix 7*1 gives rise the the triangular deformation of osp(l; 2) 
discussed in 0. 

In this paper a correspondence between (graded) tensor products and 
(super) matrices is explored. 3x3 supermatrices are graded in the following 

way 

grad(a jk ) = S j2 + 5 k2 . (10) 
The correspondence mentioned above is given by [0] 

ey ® e kl — (-l) (flW+fly))ff( * ) ^( i -i) +fc , 3 ( J --i)+J • (H) 

With the help of above identification and matrix representation of gener- 
ators of osp(l] 2): 



H 



/I 





^ 




/o 











1 
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\o 





-1) 




v0 





0) 




\0 





0/ 



(12) 



the r 2 can be represented as 
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-1 





-1 
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(13) 



Quantum R matrix satisfying (graded) YB equation can be calculated as 
R = exp(2pr2) (the factor 2 is taken for convenience). One obtains 



R 



1 p 
1 
1 






-p 





-p 





P 2 \ 

2 








P 


























p 


1 











-v 







1 











p 







(14) 



1 -p 
1 

V 1 J 

One should mention that the above R can also be obtained by applying 
some similarity transformation to R given in Q and then by performing the 
suitable limit JTDJ. 

An R matrix satisfying (not graded) YB equation can be obtained from 
(g§ by means of § 



R 



i] mn 



-i \grade(i)-grade(m) jy 
'*-} *Hjr, 



(15) 
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3 Quantum 0Sp p (l]2) supergroup 

Basic ingredients of the RT{r 2 = T 2 TiR formalism of || are 9x9 matrices: 



fa 



Tx = T ® 1 



a 



-a 



a 



7 


e 





-7 


e 




7 


e 




c 




d 


c 


-5 


d 



b ^ 

6 

ft 



and 



( a a b 

j e @ 
c 5 d 



T 2 = 1 ® T 



a a b 

7 e (3 
c 5 d 



(16) 



(17) 



a a b 

7 e /3 

y c 6 d J 

RTiT 2 = T 2 TiR can be rewritten as a set of 81 quadratic equations for 
entries a, a, b, .... They have to be supplemented by deformed superorthogo- 
nality condition: 



TCT t c -i = C TC- l T = 1 
where the supermatrix C satisfies 

R = C l {R tl )- 1 C^ 1 . 



(18) 



(19) 
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A form of C can be identified as 



C = 



(V 



\1 



1\ 



/ 



(20) 



It is now possible to write down the complete set of relations defining the 
new quantum deformation of OSp(l; 2). The deformation parameter is p. 

[a, b] = p(a 2 — 1), [a, c] = —pc 2 , [a, d] = p(ca — cd), 

[b, c] = —pea — pdc, [b, d] — p(l — d 2 ), 

[c,d] =pc 2 , 

[a, a] = 0, [a, 5} = —pc5, 

[b, a] = —pata, [b, 5] = —p(dS + ca), (21) 

[c, a] = cS, [c, 5] = 0, 

[d, a] = p(5d — 5a), [d, 5] = —pSc, 

a 2 = f(l -a 2 ), {a,5}=p(5 2 -ac), 5 2 = -fc 2 . 



It is sufficient to concentrate only on the relations containing a, b, c, d, a, (3 
as remaininig ones are not independent. In order to demonstrate that one 
first has to solve for e the square root equation e 2 = 1 + 2a5 + pac — f S 2 



obtaining 



Its inverse turns out to be 



e = 1 + a5 + ^-ac. 



(22) 



e" 1 = (!-«*- f ac )7— 
From the relation aS + — ca — \cb = one derives 



(23) 



7 = ac — 5a + pdc . 



(24) 



Similarly one calculates 



13 = ad — 5b + ^ac — ^-5a + p5d + ^r5c . 



(25) 



Finally, it is straithforward to get the expression for the antipode 



(a 


a 


b \ 


I 


7 


e 


P 




\c 


5 


dj 





-P + %1 -b + l(a-d) + e-c\ 



e 
7 



-a- \5 



(26) 



4 Duality 

In an attempt to obtain the dual quantum deformation of the universal en- 
velopping algebra of U(osp(l;2)) one faces a problem that both and 
are upper triangular supermatrices and apparently one cannot get more 
than a deformation of Borel subalgebra of osp(l; 2) generated by H, X + and 

v + . 

If the entries of L + matrix are denoted as 

(A B C\ 



L + = IE 
V F J 

then R+LfL^ = equations are 

[A, C] = p(AF - A 2 ) , [C, F] = p(F 2 - AF) , 

[A, F] = , [C, A}- [C, F] = E 2 - \F 2 + \A 2 + B 2 

[A,B]=0, [B,F} = 0, 

[A,E]=0, [E,F}=0, 
[B, C] = p(BF -BA-E), [C, E] = p(FE + B- AE) , 

£>2 = 2 {A 2 _ 1} ^ {jB) E} = p ( A _ p) E 2 = | (1 _ p2 ) 

One can try to solve them by making an ansatz 



(27) 



(28) 



A = K{X + ) , 
B = V+ ■ M(X+) 



F = L(X + ) , 

E = V + -N(X + ), C = H-P(X + ), 



(29) 



where H, X + and V + satisfy undeformed (anti-) commutation relations. K, 
L, M, N and P are arbitrary analytic functions in one variable. One obtains 
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a complicated set of equations which lead to the following conditions: 
K-L = l, M — K ■ N , 



X + ■ K< ' 2 K 2 

It is interesting to observe that expressions obtained in |10| provide a partic- 
ular solution of the above set of equations, namely 

K(X + ) = e CT = (l+pX + )i, 
P(X + ) = 2^, 
iV(X + ) = v^pe"", 
M(X + ) = v^P- 

In such a way one gets a deformation of the Borel subalgebra of osp(l;2) 
with standard (undeformed) algebraic relations and coproducts 

A(e CT ) = e a ® e a , 

A(V+) = e CT <g> + V + ® 1 , (32) 
A(#) = 1 ® # + P V + e- a ® y+e- 2,T + # ® e~ 2(T . 

The coproduct for X + can be expressed in equivalent form as 

A(X+) =X + (g)l + l(g)X + + P X + <g> X+ . (33) 

The calculation of the complete set of formulas describing U p (osp(l; 2)) turns 
out to be more complicated ||. One idea is to calculate the twist element 



and its form was partially deduced in fLOfl . Other idea is to apply a suitable 



limiting procedure in the formalism of 0. This problem is now under 
consideration. 
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